Abstract: Diffraction by semi-infinite strip grating with modified end is considered. The problem is reduced to the integral equations with respect to the spectral functions of the scattered field. Integral equations contain singular integrals. Matrix equations are obtained. The field scattered by the end of the grating is studied and the reflected patterns are presented.
Introduction
Different semi-infinite gratings are of great interest for a long time [2, 3, 5, 6, 8, 9, 12, 13] . Such gratings allow to describe field scattered by the end of a real finite grating and to design finite gratings with large number of elements [3] . The main feature of such gratings is that the scattered field may be represented as a sum of the fields with discrete and continuous space spectra. The field with discrete spectrum corresponds to the infinite periodic part of the grating and may be represented as an infinite sum of Floquet's modes (plane waves). The field with continuous spectrum is cylindrical wave. It may be represented as Fourier integral. It appears as a result of scattering by the end of the semi-infinite grating.
Although semi-infinite gratings are studied in a large number of papers, the problems of modification of the end of such gratings and their interaction with other gratings are not considered yet.
Different strip gratings may be used as elements of antennas systems, polarizers, frequency-selective surfaces and others. Venetian blind type gratings may be used as elements of the stealth-type technologies [10] . It is well known that end or brake of periodic grating may have essential influence on the characteristics of the scattered field. Previous papers (see for example [2, 3, 5, 9, 12, 13] ) describe influence of the end of the grating.
In this paper for the first time we consider the interaction problem of a layered periodic semi-infinite grating and a single layer. We propose geometry of the grating and possible modifications of its end which allow to reduce reflectance. All layers of the semi-infinite grating are identical and consist of planar strip gratings. The main problem here is to connect fields with discrete and continuous spectra. This difficulty is partially overcome by using the singular integrals. The singularities appear in the points which correspond to the propagation constants of Floquet's modes as a result of presence of the scattered field with discrete spectrum [4, 9] .
Integral Equations
Let us consider semi-infinite grating of identical layers placed in the half-space z < −h 1 . The distance between layers along the z-axis is h and along the y-axis is ∆. Let us place single layer which consists of a planar strip grating in the z = 0 plane (see Fig. 1 ).
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Semi-infinite grating
Single layer The H-polarized wave (magnetic field has only non-zero component Hx) with spectral function q(ζ ) is incident on the structure from the z > 0 half-space,
The time dependence is exp(−iωt).
Reflected field we represent using the Fourier transformation in the spectral domain
where a(ζ ) is unknown spectral function of the reflected field. Let us divide structure under study into two parts: semi-infinite grating, z < −h 1 , and single layer, z = 0. Let us introduce notations. Suppose that field with spectral function q 1 (ζ ) is incident on the isolated single layer placed in the plane z = 0. Then spectral functions of the transmitted and reflected fields may be represented as integrals
Here t(ξ , ζ ) and r(ξ , ζ ) are the kernel functions of the transmission and reflection operators of a planar strip grating. If field with spectral function q 2 (ζ ) is incident on the isolated semi-infinite grating, then spectral function of the reflected field may be represented in the form of singular integral,
is the kernel function of the reflection operators of the semi-infinite grating [9] . We suppose that functions t(ξ , ζ ), r(ξ , ζ ), and R 1 (ξ , ζ ) are known. Now, let us present integral equations which connect these two gratings: semi-infinite grating and single layer. Denote the unknown spectral functions of the reflected field of the whole structure under consideration as a(ζ ), and of the field in the domain −h 1 < z < 0 as B(ζ ) and C(ζ ) (see Fig. 1 ). They are connected by the following integral equations
where E ± (ζ ) = exp(ikh 1 (ζ ) ± ik∆ 1 ζ ) determine the amplitude and phase variation when the coordinate system is shifted along the z-axis by the value h 1 and along the y-axis by the value ±∆ 1 . Equation (1) shows that reflected field may be represented as a superposition of two fields. One of them is the field of wave with spec-
It appears as a result of reflection of the incident wave with spectral function q(ζ ) from the first single layer. Another one is the field of wave with spectral function
It appears as a result of transmission of the wave with spectral function B 1 (ζ ) from the domain z < 0 after the interaction with the semi-infinite grating. Using the same considerations one may obtain (2), (3). As we mentioned in the Introduction, the field scattered by the semi-infinite grating may be represented as a sum of the fields with discrete and continuous space spectra. Then function R 1 (ξ , ζ ) may have singularities at the points which coincides with the zeros of the function f (ξ ,
where k is a wavenumber, (ξ ) = √︀ 1 − ξ 2 , Re ≥ 0, Im ≥ 0. We denote zeros over argument ζ when ξ is fixed as ζm(ξ ), m = 1, ..., N ξ , and over argument ξ when ζ is fixed as ξm(ζ ), m = 1, ..., N ζ . These points correspond to the propagation constants of Floquet's modes. For elimination of difficulties with singularities the regularization procedure is needed [7, 9, 11] . The mathematical problem which is connected with the regularization had been solved in previous publications for the semi-infinite grating [9] .
The purpose of the regularization procedure is the reduction of singular integrals to such form that they could be calculated approximately by using the quadrature formulae. The idea of the regularization procedure is as follow. Such function is added to the integrand which contains singularities that their sum does not contain singularities and the integral can be calculated numerically. The integral of the function itself one may calculate analytically. In order to maintain the identity the same function is subtracted from the expression.
Let us introduce function R(ξ , ζ ) = R 1 (ξ , ζ )f (ξ , ζ ) which do not have singularities and represent the explicit form of the regularization procedure
The integration path Γ is deformed so that it coincides with the real axis with the exception of the zeros of function f (ξ , ζ ) and bypasses the zeros from below. Limits lim
have finite value. Using the equality PV
where PV means Cauchy principal value integral. Using the same ideas we may write
The integration path here should bypass the zeros of function f (ξ , ζ ) from above.
Discrete Mathematical Model
First of all we should mention that singular integral equations may have no unique solution [7] . The uniqueness of solution is defined by the unknown function behavior at the ends of the integration intervals or by the additional conditions. But, in our case the interval of integration may be transformed to the circle using the conformal mapping. That is why the solution of equations (1)- (3) is unique [7] . For discretization of integrals we exchange the infinite interval of integration by the finite one ξ , ζ ∈ (−A, A). The value of A should be greater then 1, A > 1 because of two reasons: singularities lie on the interval (−1, 1), ξm(ζ ), ζm(ξ ) ∈ (−1, 1); functions E ± (ζ ) vanish exponentionally when |ζ | > 1. Then we represent interval (−A, A) as a sum of smaller intervals. In every smaller interval, the zeros of the Legendre polynomial have been used as the nodes. Thus, the discretization is performed with the use of the composite quadrature rule. Let us represent the discretezation of
For all other integrals the procedure is the same and is omitted here.
where η k are the nodes of the quadrature formula, G is diagonal matrix with elements G k , G k are the coefficients of the quadrature formula, E ± are diagonal matrixes with elements E ± (η k ), R is matrix with elements R(ξm , η k ) and C 1 is vector with elements C 1 (η k ), N = n + s is the dimension of the matrixes, n is the number of nodes, s is the number of all zeros of function f (ξ , ζ ), k, m = 0, 1, .., N. Let us exchange integrals by matrixes as in (4). After substitution (2) into (3) and (3) into (1), and after the regularization and discretization procedures we may obtain matrix equations relatively unknown vectorâ of the functionâ(ζ ) with elementsâ(ζ k )â
Numerical Results
Suppose that plane wave with unit amplitude is incident on the grating with the angle of incidence φ 0 = 90 0 .
Let us study the convergence. Suppose that every layer of the semi-infinite grating and grating placed in the plane z = 0 consists of a single strip with a width of kd = π. The other parameters are kh = kh 1 = 1, kδ = k∆ = k∆ 1 = π/2 (∆ 1 = ∆), kρ = 30. The structure parameters are chosen so that only one dominant plane wave can propagate away from the grating. Denote its amplitude as a 0 . Fig. 2 Let us check the boundary and continuity conditions. The tangential component of electric field should be equal to zero on the metal and the tangential components of electric and magnetic fields should be continuous outside the metal. Fig. 3 shows the total field components
Sign "+" for z → +0 and sign "-" for z → −0. The structure parameters are chosen so as for Fig. 2 . On the strip (|ky| < d) tangential component of electric field vanishes. The values of amplitudes of the corresponding components of the field outside the strip coincide. The reflected far-field may be represented as a sum of three summands [4, 9] . One of them is cylindrical wave scattered by the end of the grating. We denote it as D(φ, ρ). Other two summands take into account the contribution of the plane waves and provide the uniform asymptotic representation. Fig. 4 represents the dependencies of the D(φ, ρ) (in dB) vs. polar angle φ for different values of the distance ∆ 1 . Distance to the observation point is kρ = 30. Other parameters are chosen so as for Fig. 2 . When ∆ = ∆ 1 we obtain limit case when grating becomes the semi-infinite one since distances between all neighboring layers are equal to each others and all layers are identical. Here dependencies of D(φ, ρ) coincide for the isolated semi-infinite grating and for the structure under study. When k∆ 1 ≤ π/2 one may see single maximum in the dependencies. When k∆ 1 ≥ 3π/4 there are two maxima. Such behavior is typical for the directional patterns of the gratings which consist of two strips. With the increase of ∆ 1 , the additional maxima appear.
Consider multi-element grating with single layer in the plane z = 0 differs from the other layers. Suppose that every layer of the semi-infinite grating consists of three strips. The length of every strip and the distance between neighboring strips is 2/k. The other parameters are k∆ 1 = 3.4, k∆ = π/2, kh = kh 1 = 1, kρ = 30. The finite fractal grating is placed in the plane z = 0. This grating consists of five smaller gratings placed equidistantly. Every smaller grating is built based on the compliment of the Cantor step-4 (4th order) set [1] . The length of the segment where every single Cantorset is built is 2/k, and the distance between neighboring Cantor gratings is 1/(2k). The structure parameters are chosen so that only one dominant plane wave can propagate away from the grating. Fig. 6 shows the dependencies of the D(φ, ρ) (in dB) vs. polar angle φ for the described grating (solid line). For comparison the results for the semi-infinite grating without fractal grating in the plane z = 0 are also presented in Fig. 6 
Conclution
In this paper the diffraction by the semi-infinite layered strip grating with modified end is considered for the first time. The problem is reduced to the singular integral equation. The regularization procedure which is connected with the singularities exclusion is presented. After the regularization procedure the discretization of the equations is performed with the use of the composite quadrature formula. The validation of results was performed by check of the boundary and continuity conditions and by study of the convergence of the process. During numerical analysis it was shown that modification of the end of the periodic semi-infinite grating leads to significant changes in dependencies of the far-field vs. polar angle. This effect may be used to control electrodynamic characteristics of the structure.
